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Abstract 
Soundararajan, T., Classes of topological groups suggested by Galois theory, Journal of Pure 
and Applied Algebra 70 (1991) 169-183. 
Motivated by the extension of classical Galois theory by H. Bass and the author, by the conjecture 
of J. Neukirch on a and Q solv, the classical result of R. Baer on complete groups, by the infinite 
Galois theory of W. Krull, and the results of H. Leptin and A. Hulanicki on compact groups, 
we consider the classes of topological groups suggested by these and other locally compact group 
topologies on certain compact groups. 
Introduction 
The fundamental theorem of Galois theory was extended to infinite algebraic 
separable normal extensions by Krull [ 181 by establishing a one-to-one Galois corre- 
spondence between all intermediate fields and all closed subgroups of the Galois 
group with Krull topology under which it becomes a compact totally disconnected 
group. On the other hand, Bass and the author have shown that it is possible to 
extend classical Galois theory in a natural way in some cases [2]. These are precisely 
the cases where we have a compact totally disconnected group G with a totally dense 
subgroup H such that distinct subgroups of H have distinct closures in G. They have 
given several characterizations of such G. 
Of these, a substantial body of literature has grown on totally dense subgroups 
of compact groups [3]. Hence we are now first interested in: 
(1) Compact abelian groups G with a dense subgroup H such that distinct sub- 
groups of H have distinct closures in G. This is equivalent to every subgroup of H 
being closed in H. Moreover H is a totally bounded abelian group. Thus we call a 
* The author thanks the Referee heartily for all the improvements suggested by him 
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totally bounded abelian group with all subgroups closed an SC group. Comfort and 
Saks [6], in their nice paper, have shown that every infinite abelian group with its 
finest totally bounded group topology t is an SC group, thus giving an abundance 
of SC groups. On the other hand, in infinite Galois theory the Galois group of the 
algebraic closure of any finite field is a compact totally disconnected Abelian group 
with a dense cyclic SC subgroup. So also in the circle group, Z(p”) is an SC 
subgroup. 
We call a compact abelian group having a dense SC subgroup a DSC group. We 
prove: 
(a) If G is an SC group, then d(G) = IG/ 5 w(G) (Lemma 1.2). 
(b) If G is of finite exponent, then the topology of G making it an SC group is 
unique. 
(c) z(p”) has no coarsest SC topology (Proposition 1.4). 
(d) {O, l}” will be a DSC group if and only if (0, l}” - (0, 1}2” (Theorem 1.5). 
(e) Compact totally disconnected abelian DSC groups are precisely the profinite 
completions of abelian groups G which have a free subgroup F of finite rank such 
that (G/F) is torsion and (G/F), is of finite exponent for each prime p (Theorem 
1.15). 
(2) Neukirch [22] conjectured that for the Galois group G(o/Q) and G(Q solv/Q), 
the only bicontinuous automorphisms are the inner automorphisms. This was 
settled in the affirmative in 1976 by Ikeda [16], and Iwasawa and Uchida [29] in- 
dependently. Subsequently, Uchida proved that several other Galois groups possess 
the above property. 
Further, these Galois groups have trivial centre. Hence in analogy with the 
classical result of Baer [l] we define a topological group (G, T) to be topologically 
complete if ZG is trivial and every bicontinuous automorphism of (G, T) is an inner 
automorphism. We prove that if (G, T) is a topological group, then it is topological- 
ly complete if and only if it is a topological direct summand of every group (G,, T,) 
in which (G, T) is embedded as an open normal subgroup. If G is a group and XE G 
we define I,: G --f G by r,(y) =xyx-* for all y E G. 
We call a locally compact topological group (G, T) super complete if the map 
x -+ I, of G into Aut G is a topological isomorphism of G onto Aut G, Aut G being 
provided with its natural topology. Compact topologically complete groups, S(z) 
the group of all permutations of Z (the set of all integers) with the discrete topology, 
and connected topologically complete Lie groups are shown to be super complete. 
If (G, T) is super complete, then (G, T) is a topological direct summand whenever 
it is embedded as a closed normal subgroup of (G,,T,). We conclude this section 
with some open questions. 
(3) Leptin [19] proved that every compact totally disconnected group can be 
realized as a Galois group for an algebraic separable normal extension. Thus the 
problem of studying possible group topologies on the Galois group other than the 
Krull topology becomes the study of other group topologies on a compact totally 
disconnected group. 
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Hewitt [12] proved the interesting theorem that on IF_ and T the discrete topology 
is the only locally compact group topology stronger than the natural topology. 
However, Ross [26] observed that by using a discontinuous automorphism of Tone 
has a compact group topology on T different from the natural topology. From 
Halmos [l 11, one has a compact group topology on fR other than the natural 
topology. Rickert [25] and Rajagopalan [24] characterized all locally compact 
abelian groups having the discrete topology as the only stronger locally compact 
group topology. 
In the meantime, Hulanicki [15] proved the interesting theorem that compact 
abelian groups on which the compact group topology is unique are precisely of the 
form II, A,, where A,= JFt’x Fp, Jp being the group of all p-adic integers, mpe 
Z,, Fp being a finite p-primary abelian group. 
It turns out that on Jp the discrete topology is the only locally compact group 
topology different from the natural compact group topology [28]. Later, the same 
result was obtained in [7] and [17]. In [28], all compact abelian groups with the 
above property were characterised as Jp x a finite group. 
This raised the question of describing all the locally compact group topologies on 
t&, A,, AP=JFxFp. 
These are explicity described in Theorem 3.1. More generally, all locally compact 
group topologies on a compact totally disconnected (non-abelian) group whose 
Sylow p-subgroup is of the form Jp x F,, are described by using almost normal 
subgroups (Theorem 3.4). 
1. Totally disconnected abelian groups 
Throughout this section we consider only abelian groups written additively. 
Let (G, T) be a topological group. We say T is totally bounded if for every 
neighbourhood V of 0 there is a finite subset F of G such that G=F+ V. Every 
totally bounded group (G, T) is embedded algebraically and topologically into its 
Bohr compactification CYG = ((C&J, where G denotes the group of all continuous 
characters of G and (G), denotes the group G endowed with the discrete topology. 
Comfort and Ross in their classic paper [4] described all totally bounded group 
topologies: If G is an abelian group, H a point-separating subgroup of (Cd)” and 
TH the topology induced on G by H, then (G, TH) is a totally bounded group and 
(G, T,)A =H. Conversely, if (G, T) is a totally bounded group and H=(G, T)*, 
then T=T,. 
If H is taken to be (GJ itself we get t = Teed, the finest totally bounded group 
topology on G. Comfort and Saks in their very interesting paper [6] proved the 
result that (G, t) is always an SC group. Hence if we start with any abelian group 
G of cardinality m, then by taking the completion of (G, 1) we get a compact DSC 
group of cardinality rm. 
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Proposition 1.1. Let G be any group of finite exponent. Then t is the only totally 
bounded group topology on G making G an SC group. 
Proof. Let T be any totally bounded group topology on G making G an SC group. 
If f E (Gd)^ then f(G) is a subgroup of T with finite exponent and hence is a finite 
subgroup of T. Thus kerf is of finite index and closed in (G, T). Hence it is open 
in (G, T). This yields that f E(G, T)^. Thus we get tsT. Already Ts t. Hence 
T=t. 0 
Lemma 1.2. Let G be an infinite SC group. Then d(G) = IG / 5 w(G). 
Proof. Let d(G) = m and D a dense subset of G of cardinal m. Then the subgroup 
(II) is also of cardinal m. Since G is SC we get (D) is closed and so (II) = G. Thus 
lG/ = m. Since d(G)5 w(G) always, the lemma follows. 0 
Remark 1.3. In the case of (Z, t) we have X0= lZl< w(Z) = c. Also in the case of Z, 
the topology in which all nZ with n E N from a basis at 0 is the coarsest SC topology. 
However, 
Proposition 1.4. The group Z(p”) has no minimal SC topology. 
Proof. Let T be any SC topology on Z(pm). Then there exists a continuous 
character f such that f (al) # 1 where al = exp(2ni/p). Consider a prime q fp and 
the subgroup (qf > in @(pm), T)^. This is a proper subgroup and this is also point 
separating. Hence the topology Tlqfj is strictly coarser than T and also is an SC 
topology. 0 
Theorem 1.5. Let G = (0, l}” where (0, l} is the two element group, m infinite and 
G has the product topology. Then G is a DSC group if and only if there exists a 
k such that G= (0, 1}2k. 
Proof. Suppose G= (0, 1}2k. Let S be the discrete group Ck (0, l} and s be the 
completion of (S, t). Since Is^j =2k we must have S= (0, 1}2k= G. Hence G is DSC. 
Conversely, let G have a dense SC subgroup H. We claim w(H) = w(G) = m. If 
w(H)< w(G), then H will have a basis at 0 of cardinality m’<m and then G will 
also have a basis at 0 of cardinality m’ [3, 2.71. But w(G) = the minimal cardinal of 
a basis at 0 [3, 3.91. Hence w(G)=w(H)=m. Let now 1HI =k. Then H=C, {O,l}. 
By Proposition 1 .l, t is the topology of H. Hence IAl = 2k. Let I? be the comple- 
tion of (H, t). Then jfij =2k and hence w(A) =2k. Since His a dense SC subgroup 
of I‘? we get w(R)=w(H)=w(G)=~~=~~;I. Hence G=C,k {O,l} and so 
G={O,l}*‘. 0 
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From now until the end of this section, (G, T) is a compact totally disconnected 
infinite abelian group with a dense SC subgroup H. We will determine the structure 
of G. Easily, His a residually finite group, i.e. (0) is an intersection of subgroups 
of finite index in H. 
Definition 1.6. Let A be an abelian group which is residually finite. Then the tor- 
sion part of (Ad)* is a point separating subgroup and we denote the corresponding 
totally bounded group topology on A by t,. The Bohr compactification of (A, t,) 
is called the profinite completion of A. 
Proposition 1.7. G is the profinite completion of H. 
Proof. Iffe G’, then f is of finite order and hence f ) H belongs to the torsion part 
of (HJ. Conversely, if g is a character on H of finite order m, then (g(x))” = 1 for 
every XE H and so g(H) is a finite subgroup of T. Hence ker g is of finite index in 
H. Since His SC we get ker g is closed and hence open in H. Thus g is continuous 
on H. Then easily g is the restriction of an element of G. Thus {f 1 H: f E e} is the 
torsion part of (HJ. Since the topology of G is the weak topology from G, the 
topology of H is t,. Now easily G is the Bohr compactification of H (see [8, 
Theorem 2.21) and hence the result follows. 0 
Proposition 1.8. Let H be a torsion p-primary group for some prime p. Then the 
following properties hold: 
(a) H is of finite exponent. 
(6) The topology of H is t = t,. 
(c) The profinite completion G is torsion p-primary of finite exponent. 
Proof. (a) If H is not of finite exponent then there exists a subgroup A of H such 
that H/A is Z(p”) (see [9, p. 1491). Then G/cl A will have Z(p”) as a dense sub- 
group. Since any nontrivial character of Z(p”) is of infinite order, G/cl A has a 
torsion-free dual. But G/cl A is also totally disconnected and hence its dual is a tor- 
sion group. Thus we have a contradiction and (a) follows. 
(b) From (a) we easily get (HJ is a torsion group and now (b) follows from 
Proposition 1.1. 
(c) Follows from (a) since H is dense in G. cl 
Proposition 1.9. Let A be any p-primary abelian group offinite exponent. Then the 
profinite completion of A is a compact totally disconnected DSC group. 
Proof. By the argument in Proposition 1.1 we get t = t, on A. Also (A, t) is an SC 
group. Since A is of finite exponent, so is the profinite completion and hence is 
totally disconnected (see [13, p. 4061). Hence the proposition follows. 0 
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Proposition 1.10. Let I be an infinite set of primes. For each PE I, let GP be a 
compact abelian torsion p-primary DSC group. Then npEl GP is a compact totally 
disconnected group having a torsion dense SC subgroup. 
Proof. For each PEI let HP be a dense SC subgroup of G,. Let H= C Hp. Then 
H is dense in n G,,. Let K be a subgroup of H. Then K = C (K fl HP). We claim cl K 
in n Gp is n cl(K fI HP). First of all cl K3 n (K n HP). Hence cl K3 n cl (K n HP) = 
cl n (K 0 HP) 3 cl C (K n HP) = cl K. Hence cl K = JJ cl(K tl HP). If now K,, K2 are 
two distinct subgroups of H, then K, fl HPfK2 n HP for some p and hence 
cl(K, n H,) # cl(K, fl HP) since HP is SC. Thus we get cl K, #cl K,. Hence H is an 
SC subgroup. n G, is easily seen to be compact totally disconnected. 0 
Proposition 1.11. Suppose H is a torsion group. Then the profinite completion G 
is topologically isomorphic to nPEl Gr, where G, is a compact torsion p-primary 
DSC group. 
Proof. Now C?= Y&PEP (C?),. Let S,= I,,, (G), and G,=A(S,), the annihilator of 
Sp. Since G = C (G), we get G= n Gp. Let H== C HP. We claim Hrc Gp and HP 
dense in Gp. It is enough to show that A(H,) = S,. Since HP is p-primary A(H,)> 
(G), for every q fp since if XE HP and f E (G)q, p”x= 0 and fq” = 1 yield f (x)4” = 1 
and f (x)p”’ = 1 and so f(x) = 1. Thus A (HP) > S,. If f E (G),\O, then f(x) = 1, if 
XEH,, q fp and so f(x) = 1 for every XE I,,, Hq. Thus f (HP) # 1. Hence 
A(H,)n (C$,= (0) d an we get A(H,J =SP. From this we get cl HP= Gr. Now GP 
is a compact totally disconnected group with a dense p-primary SC subgroup HP. 
Hence by Proposition 1.8, Gp is itself torsion p-primary. This proves the proposi- 
tion. 0 
Since in a compact totally disconnected group every closed subgroup is an in- 
tersection of closed subgroups of finite index, we see that in H every subgroup is 
an intersection of subgroups of finite index. Hence our problem will be completed 
if we can determine the structure of such abelian groups. For this purpose we start 
with 
Definition 1.12. An abelian group A is called totally residually finite if every sub- 
group is an intersection of subgroups of finite index in A. 
Proposition 1.13. (a) If A is totally residually finite, then so is any subgroup and 
quotient group of A. 
(b) Any free abelian group of finite rank is totally residually finite. 
(c) A free abelian group of infinite rank is not totally residually finite. 
(d) A p-primary torsion group is a totally residually finite group if and only if 
it is of finite exponent. 
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Proof. (a) Easy. 
(b) Follows straight away from A.26 of [13, p. 4501. 
(c) Since Z(p”) is a quotient of any free abelian group of infinite rank, (c) 
follows. 
(d) If a p-primary torsion group is not of finite exponent, then Z(p”) is a quo- 
tient of it (see [9, p. 1491). Hence the ‘only if’ part follows. If A is of finite exponent 
and B is a subgroup of A, then A/B is also of finite exponent and hence is a direct 
sum of finite cyclic groups (see [9, p. 881). It now follows that A/B is residually 
finite. From this (d) follows. 0 
Proposition 1.14. Let A be an abelian group. A is totally residually finite if and on- 
ly if there exists a free abelian subgroup F of finite rank such that A/F is torsion 
and for each prime p the p-primary part (A/F), is of finite exponent. 
Proof. Suppose A satisfies the conditions. Let F be of rank n. Then the torsion-free 
rank of A is n. Let S be a subgroup of A of torsion-free rank r%n. We choose a 
maximal torsion-free independent set 5r+ i, . . . , fin in A/S and let b,, ,, . . . , b, be 
respectively some preimages. Let Si = (S, b,+l, . . . . 6,). Then A/S, is a torsion 
group. We claim each p-primary part of A/S1 is of finite exponent. Let al, . . . , a, 
be the generators of F and m,al, . . . , mnan E S,. Let S, = (m,a,, . . . , m,a,). 
Now SzcFflS,. Let m=m, . ..rn. and pk the exponent for (A/F),. Let XE A/S, 
be p-primary, and x a preimage of it in A. Then the element (x+ F) is p-primary 
in A/F and so pk(x+ F) = 0 in A/F. Thus pkxe F. Hence m + pkxe S2 and so 
mpkK= 0. Thus (A/S,), is of finite exponent. Since S,C S, , A/S, is a quotient of 
A/&, and since both are torsion it is easily checked that (A/S,), is a quotient of 
(A/S,),. Hence we get that (A/S,), is of finite exponent. From this we easily get 
that A/S, is residually finite and hence S, is an intersection of subgroups of finite 
index in A. Similarly (S,jb,+ ,, . . . , jb,) is an intersection of subgroups of finite in- 
dex in A for each je/N. Now S=n,,, (S,jb,+,, . . ..jb.) and hence S is an in- 
tersection of subgroups of finite index in A. It follows that A is totally residually 
finite. 
Conversely, let A be totally residually finite. Let F be a free abelian subgroup of 
maximal torsion-free rank in A. By Proposition 1.13(a) and (b), F is of finite rank. 
Now A/F is a torsion group. Again by Proposition 1.13(a) we have (A/F), is a 
p-primary torsion totally residually finite group. Now (d) yields that (A/F), is of 
finite exponent. From this the proposition follows. 0 
Theorem 1.15. Let (G, T) be a compact totally disconnected abelian group. Then 
G is a DSC group if and only if it is the profinite completion of an abelian group 
H having a free abelian subgroup F of finite rank such that H/F is torsion and for 
each prime p the p-primary part of H/F is of finite exponent. 
Proof. Let G be a compact totally disconnected abelian group with a dense SC 
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subgroup H. By Proposition 1.7, G is the profinite completion of H. If B is a 
subgroup of H, then cl B fl H= B and hence H/B is a dense subgroup of the com- 
pact totally disconnected group G/cl B. This yields that H/B is residually finite and 
so we get His totally residually finite. Now Proposition 1.14 completes the proof. 
Conversely, if His an abelian group satisfying the conditions of the theorem, its 
profinite completion is a compact totally disconnected group having H as a dense 
subgroup. Since H is totally residually finite (by Proposition 1.14) the subgroup H 
is a dense SC subgroup. The theorem now follows. 0 
Remark 1.16. From Proposition 1.14 it is fairly easy to show that if B is a subgroup 
of an abelian group A such that both B and A/B are totally residually finite, then 
A itself is totally residually finite. This can be used to construct nonsplitting mixed 
abelian groups [lo, p. 1941 which are totally residually finite, so Proposition 1.14 
is in some sense optimal. 
2. Topologically complete groups 
The groups considered in this section are non-abelian and are in multiplicative 
notation. 
Definition 2.1. A topological group (G, T) is said to be topologically complete if its 
center ZG = {e}, the identity of G and if every bicontinuous automorphism of (G, T) 
is an inner automorphism. 
Remark 2.2. As mentioned in the Introduction G(G/Q), G(Q solv/Q) are topologi- 
tally complete. Any algebraically complete group with any group topology is topo- 
logically complete. In particular S(Z) with the discrete topology is topologically 
complete [27]. Yu [30] has proved that the group A(R) of automorphisms of a pro- 
duct R of non-abelian compact simple groups with the topology of pointwise con- 
vergence is a topologically complete group. From Hochschild [14, p. 1031, R2 with 
(a, b)(c, d) = (a + exp(b) . c, b + d) is a topologically complete (connected Lie) group. 
Proposition 2.3. Let (G, T) be a topological group. (G, T) is topologically complete 
if and only if it is a topological direct summand whenever it is embedded as an open 
normal subgroup of a topological group (G,, T,). 
Proof. Suppose (G, T) satisfies the condition mentioned in the proposition. Let 
z E ZG, zfe. Then there exists [31, p. 96, Satz 211 one and only one group Z which 
is obtained by adjoining to G elements x, y subject to the relations x-‘y-‘xy =z, 
xg =gx, yg =gy for all g E G. Then G is a normal subgroup of Z and Z/G is a 
free abelian group of rank 2. Again, every element of Z induces a homeomorphism 
of G. Thus we obtain a topological group (Z, Tl) by declaring {CT: eE UC G, 
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UE 7’) as a basis at e for (Z, Tt). By hypothesis, (G, T) is a topological direct sum- 
mand of (Z,, Tt). Hence there exists a continuous homomorphism p: Z-t G such 
thatP(g)=gforeachgEG. Lfg~G,~(x)g=P(x)~(g)=/Kxg)=~(gx)=~(g)p(x)= 
g/?(x). Thus p(x) E ZG. Similarly p(u) E ZG. Then /3(x-‘) =p(x))’ E ZG. Similarly 
/?(y-‘> EZG. Now e=P(x-‘)P(y-‘)P(x)P(y) =/?(~~‘y-‘xy) =p(z) =z, a contradic- 
tion. Thus ZG = {e}. 
Now let a, be a bicontinuous automorphism of G. Let N=(a) and form Gt = 
G xN with (g, n)(h, m) = (gn(h), nm). Give N the discrete topology. Easily, 
(g, II)- n(g) is a continuous map of G x N into G. By [13, 6.201, Gt is a topological 
group with the product topology. By hypothesis, (G, T) is a topological direct sum- 
mand of G, . Let G, = G @ A. Clearly A C C(G), the centralizer of G in Gt . We 
claim now C(G)c ((g,n) : n(h) =g-‘hg for all h E G}. Let (g,n) E C(G). Then 
(h, e)(g, n) = (hg, n) and (g, n)(h, e) = (gn(h), n). Hence hg = gn(h) and thus n(h) = 
gP’hg. This proves the claim. Consider 
(e, o) = (k e)(g, n) ((A, 4 E Gt , (8, n) E A c C(G)) 
= (hg, n). 
This gives (x = n. Hence (g, n) = (g, a) E C(G) and this implies a(h) =g-‘hg for all 
h E G. Thus rx is the inner automorphism determined by g-l. Hence (G, T) is topo- 
logically complete. 
Conversely, let (G, T) be topologically complete and let it be embedded as an open 
normal subgroup of a topological group (G,, r,). Let H= C(G). Since ZG= {e}, 
GnH= {e}. Thus His a discrete subgroup G,. Let aeH, 6~ G,. 
Consider bab-‘. Let y E G. Then 
bab-‘y = ba(b-‘yb)b-’ = b(b-‘yb)ab-’ (since K’yb E G, a E H) 
= yhab-1. 
Hence we get bab-’ E H. Thus H is normal in G, . Let x E G1. Then y~xyx~’ is 
a bicontinuous automorphism of G. Hence there exists QE G such that xyx-’ = 
aya-’ for all y E G, i.e., a-‘x E H and so x E aH. Hence G, = GH. So algebraically 
G,=GxH. 
Also G is open and H is discrete. Hence we easily get (G,, T,) = (G, T) x (H, Td). 
This establishes the theorem. 0 
Definition 2.4. Let (G, T) be a locally compact group and let A(G) be the group 
of all bicontinuous automorphisms of (G, r>. Let C be a compact subset of G and 
N be an open subset of G containing e. 
We define (C,N)={~EA(G): a(x)~Nx and a-‘(x)~Nx for every x~C}. The 
collection of all (C,N) form a basis of neighbourhoods at the identity for a group 
topology T, on A(G), called the natural topology on A(G). (A(G), T,) is a 
Hausdorff space. 
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Lemma 2.5. Let (G, T) be a locally compact group. The map I : G -+ A(G) : a- la 
( : x- axa-‘) is a continuous homomorphism with kernel ZG. 
Proof. This follows from [13, 26.71, taking H=G. 0 
Definition 2.6. Let (G, T) be a locally compact group. We say (G, T) is super com- 
plete if the map I : G -+ A(G) is a topological isomorphism of (G, T) onto (A(G), T,). 
Proposition 2.1. (a) Let (G, T) be a compact topologically complete group. Then 
(G, T) is super complete. 
(b) (S(Z), Td) is super complete. 
(c) Let (G, T) be a topologically complete connected Lie group. Then (G, T) is 
super complete. 
Proof. (a) Since (G, T) is topologically complete, z is 1 - 1 onto A(G). By Lemma 
2.5, I is continuous. Since (G,T) is compact and A(G) is Hausdorff, I is a 
homeomorphism and hence 1 is a topological isomorphism. This proves (a). 
(b) Since S(Z) is algebraically complete [27], I is a 1 - 1 onto homomorphism. I 
is continuous, since (S(Z), Td) is discrete. To prove I is a homeomorphism we have 
to prove (A(S(Z)),T,) is discrete. 
Let Z be the identity element of S(Z). Let p E S(Z) be defined by p(n) = n + 1 for 
all n E Z. Let q E S(Z) be the transposition (1 2). Suppose t E S(Z) is such that tp =pt 
and tq = qt. We claim t = I. tp =pt yields t(n + 1) = t(n) + 1 for all n E Z. tq = qt gives 
t(2) =q(t(l))# t(1) (since qE S(Z)). Hence t(l)= 1 or 2 since q moves only 1 and 2. 
Suppose t(1) = 2. Then t(2) = q(2) = 1. But t(2) = t(1) + 1 = 3, contradiction. Hence 
t(1) = 1. Now t(n+ l)=t(n) + 1 yields t(n)=n for all n and hence t= 1. 
If we take C=(p) and N=(Z), then (C,N)={z,:t,(p)~Np, z;‘(p)~Np}= 
{tt: tp=pt}. Hence ({a}, {I}) fl ({q}, {I}) =e, the identity of A@(Z)). It follows 
that A(S(Z)) is discrete. This establishes (b). 
(c) Since (G, T) is topologically complete, I is 1 - 1 onto. Lemma 2.5 shows I is 
continuous. We have to prove I is an open map. By an exercise in [14, p. 1411 
(A(G), T,) is a Lie group and hence locally compact. Since (G, T) is connected and 
locally compact, any neighbourhood of e generates G and hence (G, T) is 
a-compact. Now by Theorem 5.29 of [13, p.421, I is an open map. Thus (c) 
follows. q 
Proposition 2.8. Let (G,T) be a locally compact super complete group. Suppose 
(G, T) is embedded as a closed normal subgroup of a topological group (G,, TI). 
Then (G, T) is topological direct summand of (G,, T,). 
Proof. Let H={x~G~:xy=yx for all YEG}. Then H=n,,, C(y) and hence H 
is a closed subgroup of (G,, TI). We claim His a normal subgroup of G1. If a E H, 
b E G, and y E G, then bab-ly = ba(b-‘yb)b-’ = b(b-‘yb)ab-’ (since a E H and G is 
normal in G,) = y(bab-‘). Thus bab-’ E H. Hence H is normal in G, . 
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Let x E G, . The map y -+ xyx-t is a bicontinuous automorphism of (G, T). Let us 
call this map p. Thus we have a map p: Gt -A(G). This is a homomorphism. By 
26.7 of 113, p. 4281 this is a continuous homomorphism of Gi onto A(G). Since 
(G, J) is super complete, (A(G), T,) = (G, T) and the composite map z-r op is the 
identity on G. Now we can apply Weil’s Theorem [13, p. 591 to see that (G, T) is 
a to~oiogica~ direct summand of (G,, T,). ill 
Questions. (I) Characterize the class of topologicai groups which are topological 
direct summands whenever they are embedded as closed normal subgroups. 
(2) If G is a locafly compact topologicaily simple group, can we say A(G) is 
topologically complete? 
(3) If (G, T) is totally bounded and to~ologicaliy complete, is it compact? 
(4) If (G, T) is locally compact and topologically complete is it super complete? 
3. Locally rompact group topologies on certain groups 
Let (G, T) be a compact (totally disconnected) abelian group such that Tis the 
only compact group topoIogy on G. Hulanicki [I51 proved the very interesting 
theorem that G is topologicaily isomorphic with E A, with product topology where 
A,=J,“I@FP where JP is the group of all p-adic integers with natural topology, 
nP E N U {O) , FP is a finite p-primary abelian group with discrete topology and A, 
also has the product topology. 
Theorem 3.1. Let n A, have the prod& topology T where A, = J~@C;,, with 
~~tur~i product topofogy. Let BP be a closed subgroup of A, and let B=u BP. 
Then B is a closed subgroup and by declaring B as an open subgroup we get a locally 
compact group topology T, on rl A,. Furthermore, every locally compact group 
topology on n A, is T, for a s&able B. 
Proof. The first part is easy. Let now T’ be a locally compact group topology on 
n A,. Now n A, is a reduced abelian group. Let C be the connected component 
at 0 for T’. ‘Then C=R”@D, where D is a compact. connected abelian group. 
Thus C is divisible. Since n A, is reduced we get C=O. Hence T’ is totally dis- 
connected. By a theorem in [20, p. 541, (fl A,, T‘) has a compact open subgroup 
fi. We denote the subspace topology of N also by T’. Since (H, T’) is a compact 
totafly disconnected abelian group, its dust fi is a torsion group. Let “lciP be the 
p-primary part of fi. iiP = DP @ RP where DP is a direct sum of Z(p”)‘s and R, is 
a reduced p-primary group. Suppose k copies of Z(p”) occur in DP, k>n,. We 
will obtain a contradiction. 
By duality Ji will be a closed subgroup of (U, T’). Since $ is q-divisible for all 
primes q#p, and A, are all p-divisible, if Ji has a nonzero projection in any A, 
then that A, will easily contain a divisible subgroup, contradicting the fact that all 
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A, are reduced. Hence J~cA,. If C is a subgroup of finite index in J., the index 
of C is some pm and then C>p”Ji. But p”Ji is open in Ji. Hence C is open in 
(Jj”, T’). Since (J,, T) has a basis at 0 consisting of subgroups of finite index and 
each of them is open in T’, we see that T’ is finer than Ton Ji. But T’ is compact 
and T is Hausdorff. Thus T’= Ton J;. Thus Ji is a closed subgroup of A,. Then 
Cf Z(p”) will be a quotient of Cy Z(p”)+F,. From this we get C: Z(p”) is a 
quotient of Cy Z(p”). This yields a contradiction since the image has a larger 
rank. Hence DP= Cy Z(p”), m,Sn,. 
We claim now that R, is finite. Since R, has finite cyclic direct summands, by 
successive argument if Z(p”‘) @ ... @ Z(p”“) is a direct summand of R, we get by 
duality that this is a subgroup of (H, T’) and by the q-divisibility argument this is 
contained in A,. Since Jpn,’ is torsion-free it is actually contained in FP. Hence it 
follows that R, is finite. If we write now I?=D,@R,@ C,,, fiq, then BP= 
(C qfp Hq)’ = Jp + R^,cA, and BP is a closed subgroup of A, since Jp is closed 
and R, is finite. Let B = n BP. We now claim (n BP, T) = (H, T’). Both Hand n BP 
contain C BP and C BP is dense in n BP. (H, T’) is topologically isomorphic with 
the group n (JFP@ RP). Let C be a subgroup of finite index n in n (J,“o@ RP). 
Write n =p$ . ..p$. Then 
C>nn (Jp”PO~~)>{(Xi):X;sEp~J~~+O, for S= 1,2,...,k}. 
The last set is an open subgroup of n (JFP@RP). Hence C is open in this group. 
Thus every subgroup of finite index in His open in (H, T’). Now (H, T) has a basis 
at 0 consisting of subgroups of finite index in H, so that each of these is open in 
(H,T’). Thus (H,T’) is finer than (H,T). But (H,T’) is compact and T is 
Hausdorff. This yields (H, T’)=(H, T) and so (H, T) is compact. Since C B,, is 
dense in n BP we get n BPc H. We now claim C BP is dense in (H, T’) also. Let 
x be an element of A annihilating C BP. Then ~E((C~+~ p,)‘)’ for each p, i.e., 
x E I,+, fiq for each p. This implies x = 0. Hence C BP is dense in (H, T’) = (H, T). 
Thus we get H= n BP = B. From this the theorem easily follows. 0 
We now consider non-abelian groups. 
Definition 3.2. Let G be a group and Ha subgroup. We say His an almost normal 
subgroup if for each x E G, H n XHX-’ is a subgroup of finite index in H. 
Remark. If ZG is of finite index in G, then any subgroup of G is almost normal. 
Lemma 3.3. Let (G, T) be a topological group and let H be a closed almost normal 
subgroup of (G, T). Then the set (V f3 H: e E V, V open in (G, T)} is a basis at e for 
a group topology T, on G. 
Proof. Let $ = {V n H: e E V, V open in (G, T)}. Since H is a topological group 
under the subspace topology we have only to check the following: eE V, V open in 
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(G, T) and XE G imply x(Vtl H)x-’ contains a VVfl H, e E W, W open in (G, T). 
Since HfIxHx-’ is a closed subgroup and is of finite index in H, it is open in H. 
Hence there exists U open in (G, T) such that eE U, x-’ UXC V and Ufl HC 
HnxHx-‘. Now eE Un V, Un V is open in (G, T). We claim (Ufl V)nHC 
x(VnH)x-‘. LetyEUr)VnH. Thenx-‘yxex-‘UxcV. Alsoy~UnHcxHx-‘. 
So x-‘yx~ H. Thus Y’_YXE V (l H and hence y E x(V fl H)x-‘. Now the lemma 
follows. 0 
Theorem 3.4. Let (G, T) be a compact totally disconnected group such that each 
Sylow p-subgroup is of the form Jpx FP, FP a finite p-group (not necessarily 
abelian). If H is a closed almost normal subgroup of (G, T), then T, (of Lemma 
3.3) is a locally compact group topology on G. Conversely, every locally compact 
group topology on G is of the form Tn for a closed almost normal subgroup. 
Proof. If H is a closed almost normal subgroup of (G, T), from Lemma 3.3 we get 
Tu is a group topology. H is an open subgroup in Tu. Since H is compact, Tu is 
locally compact. Conversely, let T’ be a locally compact group topology on G. Let 
C be the connected component at e for (G, T’). Suppose C+ {e}. Now (C, T’) is a 
locally compact connected group. By [2, Corollary 31, (C, T’) contains an infinite 
connected abelian subgroup D which can be assumed to be closed. Now (D, T’) is 
a locally compact connected abelian group. By [ 13, 9.141 D is topologically isomor- 
phic with a group Rm x F, where F is a compact connected abelian group and 
m E Z+. F is divisible by [13, 24.251. So D is a divisible group. Thus D = n D” and 
hence n C” # {e} . But (G, T) is compact totally disconnected, and so n G” = {e} .
Thus we have a contradiction. Hence we get C= {e} and so (G, T’) is totally dis- 
connected. Let H be a compact open subgroup of (G,T’) and HP be a Sylow 
p-subgroup of (H, T’). Then HP is q-divisible for all primes qfp. Let BP=clrHP. 
Then BP is a closed subgroup of (G, T) which is q-divisible for all primes qfp. 
Hence BP is a pro p-group. Thus Bpc JPn, x FP. Let Cp be a maximal abelian 
subgroup of HP containing HP fl JP ‘O. Then Cp is a closed subgroup of (HP, T’) and 
clrC,,c J~x Fp. This yields that clrC,C Jp x DP, DP abelian finite p-primary. 
Now CC,, T’) is compact totally disconnected and Cpc Jp x DP. Arguing by con- 
sidering C, of CC,, T’) we get (C,, T’) = CC,, T) and C, is a T-closed subgroup. 
Now Cp is of finite index in HP since HP c JpnP x FP and so we get Cp is open in 
(HP, T’) and hence (HP, T’) = (HP, T) and thus HP is a T-closed subgroup. Then 
HPC JPn, x FP yields that HP has a closed subgroup of finite index of the form JPmp. 
But any group of the form JFp is strongly complete (i.e., every subgroup of finite 
index is open; and J~p>pmJPm~ which is closed of finite index and hence open). As 
an easy corollary of Pletch’s theorem 1 [23], (H, T’) is strongly complete. Since 
(G, T) has a basis of open subgroups of finite index at e, (H, T) has a basis of open 
subgroups of finite index at e and now these will be open in (H, T’). Thus T’z T. 
But (H, T’) is compact and (H, T) is Hausdorff. Hence (H, T’) = (H, T). Thus H is 
T-closed. Now we easily get T’= Tn and H is an almost normal subgroup of 
G. 0 
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